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Abstract—With the present market trend, businesses and orgg-

sations with large salesforces are experiencing mincturnover

among their sellers. Movement of salespeople froome company
to another is a continual process as long as theie market de-
mand. In the traditional sense, a salesperson's pdoctivity is

directly proportional to the revenue that he or shebrings to the
company. Importantly, the senior leaders in organiations are
interested in knowing the variations in sales prodctivity as a
result of hiring and attrition in the salesforce. In this paper we
focus our attention on the characterisation of sake productivity

based on four categories. When an existing salesgen leaves,
what is the sales productivity over time if replacd by a new hire
from a university, an experienced new hire, or a tansfer from

another division in the company? In addition if anorganisation

ventures into acquisition, what is the anticipatedsales productiv-
ity from this? We model the sales productivity of ew hires as a
linear time-invariant system and estimate productivty profiles

with a least-squares deconvolution formulation. Byapplying

business constraints on productivity profiles for egularisation,

we are left with a constrained quadratic program tosolve. We
demonstrate the estimation technique on real-worldsales data
from a global enterprise, finding productivity profiles under the
four different cases listed above.

Keywor ds-business applications; deconvolution; estimation the-
ory; least-squares; salesforce analytics

l. INTRODUCTION

Systems theory, broadly construed, is concerned mibdel-

ling, analysing, and optimising a set of interagttomponents
that form an integrated whole. Those componentddcbe

mechanical machines, electrical or electronic efemenr even
human beings [1]. In this paper, the particulatesysthat we
focus on is a salesforce whose interacting compsreee indi-
vidual salespeople. Such study of sellers fallseuridle scope
of business analytics, specifically salesforce wital [2]-[4].

When new salespeople join an enterprise, whethed ldji-
rectly from a university, as a result of a mergeacquisition,
through an internal transfer from a different divis or hired
with experience from the industry at-large, it ®kene for
them to get acclimated to the organisation, ledvout the
product and service offerings, and build conta€tais sellers
have a period of little to no productivity followdxy a ramping
up period until they have reached the productivatysellers
that have been with the enterprise for a longertibm. The
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amount of revenue earned is the traditional measiupeoduc-
tivity for salespeople.

The problem that we study herein is characterisiegpro-
ductivity of newly-hired salespeople, specificatigtermining
productivity profiles as a function of time aftarihg (for dif-
ferent types of new hires). Such characterisattwasmportant
for planning purposes because the head countlefsé not a
true indication of the productivity of the salesfer if a target
productivity is desired at a particular time in theure, then
hiring decisions must be made in the present basete pro-
ductivity profiles [5]. Brooks’ Law, which statebdt “adding
manpower to a late software project makes it i@ 'applies
equally well to sales productivity because of rampptime [7]:
if there is a shortage of sellers today, then girnmore sellers
today will not improve productivity because theylwiave no
initial productivity, and may in fact transientlyectease pro-
ductivity of the overall salesforce as they aregnated into the
enterprise.

In studying novel systems, Willsky asks [8], “Hoarncwe
extend existing mathematical methodologies? Howveamse
existing methodologies in the context of a spedjfiyysical
problem to obtain a tractable formulation which @s$des the
issues of interest in the more ill-defined physipabblem?”
The novel system study here is that of sales ptodiycchar-
acterisation. In the context of this specific ‘plegd problem,
the tractable existing framework within which wergue our
methodology is that of convolutive discrete-timeekr time-
invariant (LTI) systems [9]. We seek to identifgthystem that
transforms head count at various post-hiring titoesales pro-
ductivity or revenue. Specifically, we use a lesptares for-
mulation of deconvolution to do so [10], [11], whiteads to a
guadratic programming optimisation.

The extension of the basic least-squares idertiicegthat
we present here further models the system througtiness
constraints for purposes of regularisation. We udel non-
negativity constraints, which often arise in staté learning
optimisations [12]. Additional business constrailgad us to
additional mathematical constraints related to nhamioity and
smoothness of the seller productivity profiles &l ws a satu-
ration level of the profiles. Thus overall, we opie a con-
strained quadratic program to characterise theuatodty of
new sellers as a function of the time since theyewsred by
the enterprise.



Constrained quadratic programming for time proééima-
tion also arises in application domains other tbalesforce
analytics. For example, there is a constrained rguiadpro-
gramming formulation in [13] to estimate transddpal pro-
files of clinical blood samples. Also, there isimitar formula-
tion in [14] to characterise event profiles fronmétional mag-
netic resonance imaging data sources. Althoughe theve
been theoretical, mathematical models of salesfoinethe
marketing literature previously [15], systems-ttegior thinking
and analysis has not been applied to the problenewfseller
productivity. In our previous work [7], we did natopt a lin-
ear time-invariant system and deconvolution petspeto the
problem.

This paper discusses the specification, identibioatand
estimation of sales productivity of salespeopleisTihvolves
measurements on a set of criteria at differenti$eoskill and
experience. The numbers of measurements are takemao
long period of time to get as accurate results @siple. In
optimising the sales productivity result, we havegidered all
the requisite constraints that are applicable & dhlesforce.
Optimisation techniques need to be performed onge ldata
set and over a period of time. Once we have thdtrdhat is
not the end of the world; it needs to be validaded verified
from a logical perspective. Several constraintstaken into
account so that a definite logical result is dedivim the con-
text of optimising sales productivity result, itirmperative to
say that the result must be non-negative. A satespeirre-
spective of being a fresh graduate, experiencedpan, will
only generate revenues, hence the optimised nesisit always
be non-negative. The deconvolution method assutres 1)
productivity of the fresh sales graduate may nostieep in the
initial phase of his career, hence exceptionalssile not taken
into consideration here, and 2) same two salespewmply or
may not contribute to the same level of sales potdty.
Again, recent studies have shown that the workfproductiv-
ity may vary from trial to trial.

Here we have divided the paper into several smphets.
We begin with the system model to give a backgroaafgthat
is being done and a high level understanding ofée to go
for deconvolution. Followed by this we provide thigorithm
associated with the derivation followed by experitseand
results section with details on every step perfatrand ana-
lysed. Finally we have the discussion section endiith con-
clusion.

Il.  SYSTEM MODEL

In this section, we first describe LTI systems druv sales
revenue fits into that framework. Then we descthm system
model of sales productivity that we employ.

A. Linear TimeInvariant Systems

LTI systems produce same amount of output for ttmdas
amount of input passed. In other wordsg;iimount of input is
fed to the system, it will producg amount of output. I,
amount of input is applied, they, amount of output is pro-
duced. The following pictorial representation wittake it
clearer.

X1 Y1

LTISystem | 5 (1)

The above diagram can be interpreted such thatrfanputx,
the output generatedys.

X2 Y2

LTI System (2

For an input,, the output generated is sgy

Similarly, if the above two inputs are added, tbgat will
also be summed up as shown.

X1+ X Y1 + Y2

LTI System @)

The above analogy applies to sales productivityhat if we
double the number of sellers, the revenue will deub

Along similar lines, time-invariant systems alwgysduce
the same output irrespective of when the inputeist ®r ap-
plied to the system. This means that if we hire esame in Au-
gust 2010 or in April 2012 or in January 2020,efesn months
have elapsed since hiring, his or her productiwitly be the
same. This can be visualised through a diagranwbelo

y[nl
—

X[N]

____ | LTISystem (4)

In the above diagram, inputis applied at tim& which gener-
ates outpuy for the same tima.

x[n - K] yln—K

—»

LTI S ®)
ystem

Input x applied at timen —k still generates the same outyut
timen—k.



The transformation of inputs to outputs by LTI syss is
described by the convolution operation. The outpubhe con-
volution of the input with the unit pulse respo$ehe system.
Convolution can be expressed in matrix-vector fayrtaking
either the input signal or the unit pulse respasigeal of the
system as a vector with the other used to cons&ruzinvolu-
tion matrix.

B. SalesProductivity Model

As discussed in the previous section, we can msdlels
productivity as an LTI system taking counts of exellas input
and revenue as output. The unit pulse respondeedyistem is
then the productivity profile. Let us first fix thetation so that
the input signak[K] represents the number of sellers that wer
hiredk months ago. Similarly, lei[k] represent the unit pulse
response of the system and also the productivifjlerso that
h[—K] is the productivity of a seller that was hidecthonths ago.
The outputy is the total revenue produced by all sellers & th
salesforce. Assuming that the system is causal wifinite
impulse response of length, the convolution leading to the
output is

m
yln] =" xn-k]nk] (6)

k=0
Here, n represents different months in which we obsene th
system. We can also write this as the matrix-veetpration

y =Xh, )
whereX is the convolution matrix formed frora

Since we are dealing with four different classeae sell-
ers, we in fact have four different productivityofites h and
four different counts of new sellers, but that banrepresented
similarly to (2):

hl
h

y=[X, X, X, X,] h2 8)
3

h4

where theX;,i =1, ..., 4, matrices are again convolution matri-
ces. In the sequel, to keep the notation simplerefer to (2)
as the representation of the system.

We measure the revenues for the entire salesfoaoel we
also measure the head counts of new sellers eanthnithe
productivity profiles are to be estimated.

Ill.  ESTIMATING PRODUCTIVITY PROFILES USING

QUADRATIC PROGRAMMING

Since the revenugsand the head counk are measured, our
task is to estimate the productivity proftle We take a least-
squares approach by minimising tlie norm between the
measured revenue and the estimated output of theylstem:

ly = bl ©)

%bu

This can be written as a quadratic program withftflewing
objective function to find the productivity profikolution,

mhin%hTXTXh -h™Xy. (10)

whereh is the sales productivity vector.

One of the simplest forms of regularisers is gitgnthe
sum of squares of the unit pulse response vectmnesits:
Yh'h [11]. With the least-squares objective and thiguter-
iser, the solution is the Moore-Penrose pseudosever

-1
h=(X"x)"XTy. (11)
However, in our sales analytics problem, we havéhéu
siness constraints to motivate additional reggdtion. The
constrained quadratic program that we use to fiinsl the fol-
lowing:

min 1h"™X"Xh-h"X"y
st. h,<hsh, (12)
Ainh = Aub

We have four constraints motivated by the busireggsi-
cation. First, productivity profiles are non-negatibecause
sellers cannot produce negative revenue; if thdyns¢hing,
their productivity is zero. Second, we assume tihatproduc-
tivity profiles are monotonically non-decreasingchese over
time, the sellers gain experience, knowledge, amacts, so
their productivity does not get worse over timeirdhwe as-
sume that the productivity does not rapidly jumpnirtime
step to time step, so we constrain increases iprbauctivity
profile to not exceed a certain value. Last, wedsgpa maxi-
mum productivityl, which is a saturation level and the produc-
tivity of sellers that have been with the entemfizr more than
m months.

Specifically, for the non-negativity constraint, weth,, to
be a lengthm vector of all zeroes. For the saturation constrain
we sethy, to be a lengthm vector with all entries equal to a
parameterL. The other constraints we include are encoded
through the matriXd;, and the vectoA,,. It is straightforward
to encode that successive valueshdbe monotonically non-
decreasing and also that successive valubdsnaft increase by
more than another parameter value that wefsgtas blocks
that are Toeplitz matrices compose of positive aedative
ones. Half ofAyis all zeroes and the other half is equal to the
parameter value indicating the increase limit peetinh.

Having derived the optimisation problem (7), wedfithe
optimised value of the sales productivity profilesising the
gp function of Octave. To construct thé matrix, we utilise
the convnt x function of Octave. To begin with, we adopted
the most simplified solution by assuming that themes no con-
straints in the problem statement. No constraimnatdo is
realised by considering empty vectors and matrigesill pa-
rameters in the above function.

First, we calculated the matrix with minimal conagtis as
below:

h =qgp(zer os(m,1), X'X, X"y").



To get non-negative values we define a few morabbes:
h =qgp(zer os(m1), XX, X'y", [I, [I, zer os(m1), []).
Finally, the full constrained quadratic progransaved as
h = gp(zeros(m1), X'X, Xy", [I, [I. zeros(m,1),
L*ones(m,1), [1, Ain, Aup),

where we use the Octave functiooepl i t z to construc,.

IV. EMPIRICAL RESULTS

We collected data from one of the business unitintgfrna-
tional Business Machines (IBM). The data corresgamadone
of the sales organisations from a few recent yediring in-
formation comes from human resources (HR), andmewve
details come from the finance section.

headcount

-40 =20 0 20 40 60
time (months)

Figure 1. Total head count data of salespeoplenguhie period of
examination.
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Figure 2. Head count dynamics for different classfesellers during
the period of examination.

Fig. 1 shows the total head count of sellers indiganisa-
tion during the period of examination. Fig. 2 shdwesd count
dynamics for the different classes of new sell@tse values
shown indicate the number of sellers of each cayetjuat
joined the organisation during the month. Fig. 8pidiys the
solutions for the productivity profiles that we aisted, i.e. it
plots time duration in months and revenue generhiethe
sales person for 4 different cases. Fig. 4 shoesattual total
revenue of the organisation and the revenue recmtst us-
ing the actual head counts and the learned pradhyctirofiles
h.

Case 1 shown in blue colour in Fig. 3 indicatesplut for
a salesperson who has been transferred from oneauthe
other. As shown in the figure, this salespersoexisected to
bring in good revenue over a short period of timd eemains

constant thereafter. Transfers in have one monthnof
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Figure 3. Productivity profiles for four differenases estimated
from head count data and revenue generated byssilegiven
time duration.
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Figure 4. Revenue fit using revenue reconstructeth fthe actual
head counts and the estimated productivity profiles



productivity and do not reach the steady stateymriety L.

Case 2 shown in red colour indicates the performafi@an
experienced salesperson who joins the organisafiba. pro-
ductivity of this category of salespeople is infliiamigh as
they do not take much time to settle and perforhre Vertical
scale has values labelled between 0 and 1. This Isecause
we have normalised the value from O to 1 to maintanfiden-
tiality of the sales data of the organisation.

Case 3 relates to new hires from colleges and rsifies
who do not already have prior work experience. is$ point
all that they possess is theoretical knowledge iregupracti-
cal exposure. They, like the transfers in have raoath of no
productivity, but do reach the saturation valud heir progres-
sion is similar to transfers in.

Case 4 indicates the nature of involvement of #iesforce
as a result of acquisition. In this competitive ldpracquisi-
tions are not rare and the implications of thisaonorganisa-
tion’s sales productivity are extremely importamunhderstand.
Accurate forecasting of sales productivity has r@aiimpact
on organisations’ income and revenue generationsd hhat
join due to acquisitions have several months oprmaluctivity
at the beginning and ramp up very slowly. They db neach
the steady-state productivitylike the transfers in.

V. CONCLUSION

In this paper we have discussed the impact of dari@sses of
salespeople on the sales productivity. We gathdegd from
IBM and based our analysis on linear time-invarigygtems
theory, mathematical quadratic programming, antepatec-
ognition technigues. We study problems in quadratio-

gramming where the optimisation is confined to remative

constraint. For these problems, we might get a thegaalue

which does not make sense in the sales world andesper-
form numerical computations using that constrairtie re-
maining three constraints covered in this papempaoéle val-

ues being monotonically non-decreasing, succesgrodile

values not increasing by more than a certain amauntt pro-
file values being less than or equal to a preddfingper limit
value.

The gut instinct of sales leaders is accurate poiat, but
through business analytics, we are able to prothare refined
and exact productivity profiles for four cases, eimtransfer
in, experienced new hires, university new hires tude sell-
ers that join the organisation as a result of aitjom. The pro-
ductivity of a salesperson is difficult to quantificcurately.
Estimating the trend of how each of the 4 categoofesales-
people behave is based on the assumption thatritieality,
work environment and challenges faced, and comglexithe
engagement is the same for all sellers under eette @atego-
ries and also for all of them in general.

The educational background of sellers from anyheffour
categories is not taken into account in this papkere could
be the possibility of the common notion that ediocet quali-

fication from a premium university, college or itste results
in higher productivity because such universitied arstitutes
may infuse great amount of confidence in their oing stu-

dents who become salespeople. These issues fat betav-
ioural and psychological aspects of business doslyHow-

ever, these issues are not considered among tsg@orts that
we chose for calculations here because we areddcos the
productivity trend over a period of time and notessarily on
the amount of productivity from the individual sspeople;

also, we do not have data concerning them availedzdily.

Additionally, this is a debatable subject; hends &afe to keep
such considerations out of the scope of this paper.
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